Abstract. A characterization of the boundeness and compactness of a composition operator C ϕ f = f • ϕ acting from the Bloch type spaces B α to the Möbius invariant spaces Q K is given. In particular, estimates for the essential norm of such an operator are obtained.
Introduction and main results
Let φ : D → D be an analytic map of the unit disc D = {z : |z| < 1} into itself. The map φ induces a linear composition operator C φ f = f • φ on the space H(D) of all analytic functions on the unit disc. A fundamental problem in the study of composition operators is to characterize in terms of the function theoretic properties of φ, the boundeness and compactness of the restrictions of C φ to various Banach spaces of analytic functions.
Recall that a bounded linear map T from the Banach space X into a Banach space Y is called compact (weakly compact), if it maps the closed unit ball of X onto a relatively compact (a relatively weakly compact) set in Y . The essential norm of T is defined to be the distance to the compact operators, that is, T e = inf{ T − S : S is compact }.
Since T e = 0 if and only if T is compact, estimates for T e give conditions for T to be compact.
For s > −1, consider the weighted Dirichlet space D s of all analytic functions of the unit disc D for which
For s ≥ 0, let Q s the space of all analytic functions on the unit disc with
where ϕ w (z) = Note that Q 0 = D the classical Dirichlet space, Q 1 = BM OA, the space of all analytic functions of bounded mean oscillation, and for s > 1 the space Q s coincides with the Bloch space B of all analytic functions on D with
Let α > 0. The Bloch-type space B α consists of all analytic functions on D such that
We also consider the little Bloch type space B α 0 of those functions in B α with
For composition operators on weighted Dirichlet spaces D s with −1 < s < 1, a characterization of the boundeness and compactness can be found in [12] . Compactness of C φ in BM OA is studied in [1] and [7] . For composition operators between Bloch-type spaces we refer to [3] , [4] and [8] .
For 1 < p < ∞ and a nondecreasing function K : (0, +∞) → (0, +∞), consider the Besov type space B p K of all analytic functions f on the unit disc for which
Let Q K (p) be the bounded Möbius invariant space generated by
Note that for p = 2 and K(t) = t s with s ≥ 0 we obtain the Q s spaces defined before. We assume throughout the paper that
Otherwise, the space Q K (p) only contains constant functions (see [9] ). Also, from [9] , we have that
In this note we study composition operators from B α into Q K (p), and a description of the boundeness and compactness of C φ is given in terms of the function φ. We also prove that the essential norm of
generalizing the result given in [2] , where the result is obtained for the case α = 1, p = 2 and K(t) = t s , that is, for composition operators from B to Q s .
We use the notation a b to indicate that there is a constant C > 0 such that a ≤ C b, and the notation a ≈ b (a is comparable with b) means that a b a. The paper is organized as follows. In Section 2 we study composition operators from B α to Q K (p) and prove the main results of the paper, and Section 3 is devoted to the study of composition operators from
We begin this section with a description of when a composition operator from B α to Q K (p) exists as a bounded operator.
Suppose first that M < ∞. Then, given f ∈ B α we have It is a well known result that, under the usual integral pairing, the dual of the little Bloch space B 0 is isomorphic to the Bergman space A 1 of all analytic functions on the unit disc with
We will need a similar result for B α 0 with another natural pairing.
Proof. Consider the space A −α of all analytic functions on D with
and its closed subspace A
These spaces are denoted by A ∞ (ϕ) and A 0 (ϕ) in [6] with ϕ(z) = (1 − |z| 2 ) α . Choosing ψ(z) := 1, the pair {ϕ, ψ} is a normal pair of weight functions in the sense of [6] 
Therefore the duality
0 ⊕ C, with the direct sums endowed with the sum-norm. Therefore the result follows from the above remarks and the fact that
We also need the following result due to Yamashita (see [10] or [11] p. 13).
Now we are going to study the compactness of a composition operator from B α to Q K (p) when K is a nondecreasing weight. With the same proof given in [2] (where the case α = 1, p = 2, K(t) = t s is proved) we have that a composition operator C φ : B α → Q K (p) is compact if and only if it is weakly compact. The following result, where the essential norm of a composition operator from B α to Q K (p) is estimated, is the main result of the paper. 
Proof. We adapt the argument given in [2] to our case. We first show the lower estimate of the essential norm. Choose a sequence {λ n } in D converging to 1 as n → ∞, and let
We note that
By Lemma 3 we have that f ∈ B α and f n,m,θ ∈ B α 0 , and normalizing we can assume that f B α ≤ 1 and
which converges to 0 as m → ∞ by Lebesgue dominated convergence theorem, since g ∈ A 1 . Therefore 
Indeed, if not then there is a subsequence (m k )
∞ k=1 such that for each k we can find n k and θ k such that for all k we have
But, since T is compact, this is a contradiction with (3). Therefore, if T is an arbitrary compact operator, we have
Hence we obtain
Now, given ε > 0, choose m 0 ∈ N such that for m ≥ m 0 we have
for all θ and all n. Let w ∈ D be fixed. Integrating with respect to θ and using Fubini's theorem we get
By [13] , Theorem 8.20, if g is a function given by a Hadamard gap series, we have
Therefore, by (4) and Parseval identity, we get
We claim that for 3/4 ≤ r < 1 we have
for some positive constant C α depending only on α. Indeed, it is straightforward to see that
since for α > 0, the function t 2α e −4t is decreasing in [α/2, (α + 1)/2]. Now, the estimate (5) follows from (6) and (7).
Hence, by (5) we have
for all z ∈ D with |φ(z)| > 1 − 2 −(m+1) if n and m are big enough. Therefore, by Fatou's lemma we have
Thus, since w ∈ D is arbitrary, we obtain
that proves the lower estimate.
Now we are going to compute the upper estimate. For each k ∈ N define a sequence of compact linear operators
which is less than
where 0 < r < 1 is fixed. To estimate the first term I k note that for f B α ≤ 1 and
Therefore it is enough to show that lim k→∞ J k = 0. Since
where
Since g k converges to 0 uniformly on compact subsets of D, then g k also converges to 0 uniformly on compact subsets of D. Hence we obtain that lim
and the proof is complete.
As an immediate consequence of Theorem 4 we get te following characterization of compact composition operators from B α to Q K (p).
If φ : D → D is univalent, we can provide some geometric characterizations of the boundeness and compacteness of C φ . This requires some background on the hyperbolic metric. Recall that the hyperbolic distance β D (z, w) between two points z, w ∈ D is defined by β D (z, w) = log 2 1+ρ(z,w) 1−ρ(z,w) , where ρ(z, w) = | z−w 1−wz |. We note that (8) (
This distance is invariant under Möbius transformations, and therefore transfers to a conformally invariant metric on any simply connected proper subset Ω of C.
If f : D → Ω is any conformal map, the hyperbolic distance on Ω is given by 
Proof. Let Ω = φ(D).
Since φ : D → D is conformal, the fact that a ∈ D is equivalent to the fact that φ(a) ∈ Ω. If ψ denotes the inverse map of φ, then by (8) we have
Also, by Koebe's distorsion theorem we have
This, together with Theorem 1 and Corol.lary 5 leads to (i) and (ii).
Composition operators from
We begin this section with two lemmas. The first one is standard and can be found for example in [5] . We note that for s > 0, the function K(t) = t s satisfies the condition for K given in Lemma 8. Also this condition implies that 1 0
K(t)/t dt < ∞.
For the case of composition operators from Q K (p) to B α we have the following description of boundeness and compactness. belongs to Q K (p). Then one can repeat the proof for the Q s case given in [11] . We omit the details.
